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Introduction
In order to investigate sheaves on abelian varieties, Mukai [Mu1] introduced a very powerful tool called Fourier-Mukai functor. As an application, Mukai ([Mu1] , [Mu4] ) computed some moduli spaces of stable sheaves on abelian varieties. Recently, Dekker [D] found some examples of isomorphisms of moduli spaces of sheaves induced by Fourier-Mukai functors. As an application, he proved that moduli spaces of sheaves on abelian surfaces are deformation equivalent to Hilbert schemes of points (see Theorem 1.4).
Recently Fourier-Mukai functor was generalized to more general situations (e.g. [Br1] , [Br2] , [Mu6] , [Mu7] ). Next task is to construct many examples of birational maps of moduli spaces of sheaves. In this note, we restrict ourselves to an abelian or a K3 surface of Picard number 1 and give some examples of birational maps of moduli spaces of sheaves induced by Fourier-Mukai functor (Theorem 2.3). More precisely, we shall find some examples of sheaves which satisfy WIT i . In general, Fourier-Mukai functor does not induce isomorphisms of moduli spaces of sheaves. Motivated by recent work of Markman [Mr] , we also consider the composition of Fourier-Mukai functor and "taking-dual" functor. Then we can get isomorphisms in these cases.
As an application, we get another proof of Dekker's result (Theorem 1.4). Our condition and method are similar to [Y4] . In section 1, we shall treat original Fourier-Mukai functor. In section 2, we shall explain how to generalize it to more general situations.
Notation. Let X be an abelian or a K3 surface defined over C. We set H ev (X, Z) :
is the Mukai vector of x, where ε = 0, 1 according as X is an abelian surface or a K3 surface, and ω is the fundamental class of X. Let L be an ample line bundle on X. For a Mukai vector v, M L (v) is the moduli space of stable sheaves E of v(E) = v with respect to L. For a primitive Mukai vector v, M L (v) is smooth and projective, if L is general (cf. [Y2] ). If NS(X) = Z, then for a coherent sheaf E on X, we set
where L is the ample generator of NS(X).
1. A special case 1.1. Preliminaries. We start with original Fourier-Mukai functor. So we assume that X is an abelian surface. Let X be the dual of X and P the Poincaré line bundle on X × X. We denote the projections
By Grothendieck Riemann-Roch theorem, the following diagram is commutative.
For a coherent sheaf E on X (resp. a coherent sheaf F on X), we set
If E (resp. F ) satisfies WIT i with respect to F (resp. F), then we denote
We are also interested in the composition of F and the "taking-dual" functor
Then there are spectral sequences
In particular
If E (resp. F ) satisfies WIT i with respect to G (resp. G), then we denote G i (E) (resp. G i (F )) by E (resp. F ).
1.2. The case of v, 1 < 0. We assume that NS(X) = ZL, where L is an ample generator. Then the dual of X also satisfies the same condition. We setL := det(−F(L)). ThenL is the ample generator of NS( X).
In this and the next subsections, we shall consider functors F and G. In this subsection, we treat the case of v, 1 < 0. We first treat the functor G.
Proof.
(1) E satisfies WIT 2 . By the stability of E, G 0 (E) = 0. Hence we shall prove that G 1 (E) = 0. We first show that Ext 1 (E, P ∨ x ) = 0 except for finitely many points x ∈ X. Suppose that Ext 1 (E, P ∨ x ) = 0 for distincts points x 1 , x 2 , . . . , x n . By [Y4, Lem. 2 .1], we get a µ-stable extension sheaf G:
(1.13)
Hence n must satisfy the inequality n ≤ v(E) 2 /2a. By using this, we prove that G 1 (E) = 0. By base change theorem, G 1 (E) is of dimension 0. Hence we show that G 2 (G 1 (E)) = 0. Since G 0 (E) = 0, G 0 (G 0 (E)) = 0. By using the spectral sequence (1.10), we conclude that G 2 (G 1 (E)) = 0.
(2) G is torsion free. 1 Indeed, let T be the torsion submodule of E. Since E is locally free in codimension 1, T is of dimension 0. Hence T satisfies IT 2 and deg( G 2 (T )) = 0. Since G 2 (T ) is a quotient of E, we get a contradiction.
(3) E is µ-stable. If E is not µ-stable, then there is an exact sequence
where B is a µ-stable sheaf of deg(B) ≤ 0. Then we get
and an exact sequence
By the proof of this proposition, E satisfies IT 2 for G if a > v 2 /2. Hence E also satisfies IT 0 for F. Since
is also µ-stable. Thus we get the following. Corollary 1.2. Let E be a µ-stable sheaf of Mukai vector v(E) = r+c 1 (L)+aω. We assume that a > v 2 /2. Then E satisfies IT 0 with respect to F and E is a µ-stable vector bundle of v( E) = a − c 1 (L) + rω.
Since F = G • D X , we also obtain the following. Corollary 1.3. Let E be a µ-stable vector bundle of Mukai vector v(E) = r − c 1 (L) + aω on X. We assume that a > 0. Then E satisfies WIT 2 with respect F and E is µ-stable.
In the same way as in the proof of [Y4, Thm. 3 .6], we get another proof of Dekker's result [D, Thm. 5.8] .
Theorem 1.4. Let X be an arbitrary abelian surface. Let v = r + ξ + aω, ξ ∈ H 2 (X, Z) be a Mukai vector such that r + ξ is primitive. Then M L (v) is deformation equivalent to X × Hilb v 2 /2 X for a general ample divisor L.
1.3. The case of v, 1 > 0. As in the previous subsection, we assume that NS(X) = ZL. Proposition 1.5. Let E be a µ-stable sheaf of Mukai vector v(E) = r + c 1 (L) + aω. We assume that a < 0. Then E satisfies WIT 1 and E is a µ-stable sheaf of v(
Proof. (1) E satisfies WIT 1 . We first show that H 0 (X, E ⊗ P x ) = 0 except for finitely many points x ∈ X. Suppose that k i := h 0 (X, E ⊗ P x i ) = 0 for distincts points x 1 , x 2 , . . . , x n . We shall consider the evaluation map
. By the proof of [Y4, Lem. 2.1], φ is surjective in codimension 1 and ker φ is µ-stable. We set b := dim(coker φ).
(1.20)
Since v(ker φ) 2 ≥ 0, we get i k i ≤ v(E) 2 /(−2a). In particular, F 0 (E) is a torsion sheaf. Since E is a torsion free sheaf on the integral scheme Supp(E), F 0 (E) is torsion free. Hence we get F 0 (E) = 0. By the stability of E, F 2 (E) = 0. Therefore E satisfies WIT 1 .
(2) E is torsion free. Let T be the torsion subsheaf ofÊ. By (1), T is of dimension 0. SinceÊ satisties WIT 1 and T satisfies IT 0 , T must be 0.
(3) E is µ-stable. Assume that E is not µ-stable. Let 0 ⊂ F 1 ⊂ F 2 ⊂ · · · ⊂ F s = E be the HarderNarasimhan filtration of E. We shall choose the integer k which satisfies deg(
On the other hand, we also see that
So F k and E/F k satisfy WIT 1 and we get an exact sequence
, which is a contradiction.
More general cases
In this section, we treat more general cases. Let (X, L) be a polarized abelian (or K3) surface of (L 2 ) = 2r 0 k, where r 0 and k are positive integers of (r 0 , k) = 1. We assume that NS(X) = ZL. • E is locally free. 3 We setL
ThenL is a primitive ample line bundle of (c 1 (
is an isomorphism, c 1 (L) is primitive. By Donaldson,L is ample. HenceL is a primitive ample line bundle. Since
Lemma 2.1. Let d 1 and l be integers which satisfy , we may assume that
Since E is a universal family of stable sheaves of Mukai vector v 0 , we get the following relations:
H is an isometry, we see that x = 0 and y = −2kd 1 . Hence we get our lemma.
In order to generalize Proposition 1.1, and 1.5, let us introduce some notations. Let G be a locally free sheaf on X. For a torsion free sheaf E on X, we define
(2.9) For x ∈ D(X) (resp. v(x) ∈ H ev (X, Z)), we can also define rk G (x) and deg G (x) (resp. rk G (v(x) ) and deg G (v(x) ) .
Then we see that
Hence E is µ-stable if and only if
for any subsheaf F ⊂ E of rk(F ) < rk(E). Assume that deg G (E) = 1. Then it is easy to see that E is µ-stable if and only if deg G (F ) ≤ 0 for any subsheaf F ⊂ E of rk(F ) < rk(E).
Lemma 2.2. We choose points s ∈ X and t ∈ Y . We set
(2.12)
Then for a Mukai vector v,
Proof. We set
It is sufficient to prove that r ′ d 1 − d ′ r 0 = dr 0 + rd 0 . This follows from the following relations which comes from Lemma 2.1:
(2.15)
Due to this lemma, we can use the same arguments as in Propositions 1.1 and 1.5. Hence we get the following theorem.
Theorem 2.3. Keep the notations as above. Let v := r + dc 1 (L) + aω be a Mukai vector of dr 0 + rd 0 = 1.
Example 1. Keep the notations as above. We set Example 2. We assume that X is a K3 surface and (L 2 ) = 12. We set
, we obtain a birational map ML(3 −L + ω) · · · → ML(1 +L + 3 ω). Hence we get a birational map Hilb 
appendix
Lemma 3.1. Keep the notation in section 2. Let E be a µ-stable locally free sheaf of deg G 1 (E) = 0 and E ∈ M L (v ⊥ 0 ). Then E satisfies IT 1 and E is a µ-stable locally free sheaf.
Proof. Since E ∈ M L (v ⊥ 0 ) and E is µ-stable, we see that E satisfies IT 1 . In the same way as in the proof of Lemma 1.5, we see that E is µ-semi-stable. Assume that there is an exact sequence 0 → F 1 → E → F 2 → 0, (3.1)
where F 2 is a µ-stable sheaf of deg G 2 (F 2 ) = 0 and rk(F 2 ) < rk( E). Then F 2 satisfies IT 1 and we get an exact sequence
Since F 2 (F 1 ) is of dimension 0, deg G 1 (F 1 (F 1 )) = 0. By the µ-stability of E, we get F 1 (F 1 ) = 0 or rk(F 1 (F 1 )) = rk(E). We first assume that F 1 (F 1 ) = 0. Since E and F 1 (F 2 ) are locally free, F 2 (F 1 ) = 0. Hence F 1 = 0, which is a contradiction. We next assume that rk(F 1 (F 1 )) = rk(E). Since F 1 (F 2 ) is locally free, F 1 (F 1 ) → E is an isomorphism. Hence F 1 (F 2 ) ∼ = F 2 (F 1 ). Since F 2 (F 1 ) is of dimension 0, we obtain F 1 (F 2 ) = 0. Therefore F 2 = 0, which is a contradiction.
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